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ABSTRACT

Stability for Traveling Waves

Joshua Lytle
Department of Mathematics

Master of Science

In this work we present some of the general theory of shock waves and their stability prop-
erties. We examine the concepts of nonlinear stability and spectral stability, noting that for
certain classes of equations the study of nonlinear stability is reduced to the analysis of the
spectra of the linearized eigenvalue problem. A useful tool in the study of spectral stability
is the Evans function, an analytic function whose zeros correspond to the eigenvalues of the
linearized eigenvalue problem. We discuss techniques for numerical Evans function compu-
tation that ensure analyticity, allowing standard winding number arguments and rootfinding
methods to be used to locate eigenvalues. The Evans function is then used to study the
spectra of the high Lewis number combustion system, tracking eigenvalues in the right-half
plane.
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CHAPTER 1. INTRODUCTION

In this work we discuss traveling waves and their stability properties. A traveling wave is a

solution to the evolution equation

w = f(u, Uy, Ugg, - - ) (1.1)

that takes the form w(z,t) = 4(z — st), where s is the speed of the traveling wave.
Traveling waves occur frequently in nature, in a variety of settings. Interesting problems
can be found in fluid flow, gas dynamics, combustion, and population dynamics, to name
a few. A classic example of a traveling wave in fluid dynamics is a soliton, a phenomenon
discovered by John Russell in 1834 in connection with his work on canal boats. He noted that
when a canal boat suddenly stopped moving, a water wave in the form of a pulse continued

down the canal with a constant speed, preserving its form.

Figure 1.1: Re-creation in 1995 of John Russel’s initial sighting of a soliton on the Union
Canal, Edinburgh.

—
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A traveling wave solution u of (1.1) may reflect a phenomena that persists. Alternately,
the solution may only exist as a transition between states and consequently be observed only
infrequently if at all. Mathematically, a traveling wave solution is said to be stable if small
perturbations/disturbances of the wave do not alter its form as it continues to evolve. In
cases where stability of the physical phenomenon is well known, verification of mathematical
stability is an important way of testing the mathematical model.

Stability of a traveling wave may be studied by analyzing the spectrum of the operator
linearized about the traveling wave. Indeed, it has been shown by Zumbrun and collaborators
(32, 14, 26, 25] that for certain subclasses of (1.1) spectral stability of the linearized operator
implies nonlinear stability.

To study spectral stability we introduce the Evans function, a function whose zeros
correspond to eigenvalues of the linearized operator. The Evans function is analytic in the
right-half plane, allowing us to use standard rootfinding techniques to locate eigenvalues.
Energy estimates are often used to find a bounded subset of the right-half plane containing
the relevant eigenvalues. A winding number of zero for a contour about the bounded region
indicates spectral stability. For those systems that do become spectrally unstable in some
parameter regime, we would like to know exactly when and how the instability occurs. We
can do this by creating bifurcation diagrams of eigenvalues as they cross into the right-half

plane.

1.1 TRAVELING WAVES

Consider the class of evolution equations

up + f(w)e = (B(w)ug), + (C(w)ttz), + Qu) = 0 (1.2)
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where € R u, f € R", and B,C,Q € R™" are sufficiently smooth. The function f(u), is
the flux or convection/advection of u, (B(u)u,), the diffusion of u, (C(u)u,,), the dispersion
term, and Q(u) the reaction term.

Substituting the ansatz u(z,t) = 4(x — st) into (1.2) shows that a traveling wave solution

is a solution of

(f'(u) = s)u' = (Bluu') + (Cu)u") + Q(u) = 0 (1.3)

with the necessary boundary conditions. Equivalently, we may view a traveling wave solution
as a stationary solution of (1.2) in the moving frame (x — st,¢); that is, we transform (1.2)

by (x,t) — (z — st,t) to obtain the equation

of which u is a stationary solution.

We look for traveling wave solutions with asymptotic boundary conditions; that is, solu-
tions 4 satisfying (400) = u+, 4™ (£o00) = 0 for n > 1. For a nontrivial traveling wave 1, if
uy = u_ the wave is called a pulse; otherwise it is called a wave front or a shock layer, and is
said to have amplitude |uy —u_|. Because our traveling wave solutions have asymptotically
constant end-states, showing existence of a traveling wave is equivalent to finding an orbit

connecting the two end-states in some appropriate phase space.

Example 1.1. A prototypical nonlinear advection diffusion equation is Burgers equation,

given by
U + Uy = Vg, v > 0. (1.5)

x

Using dimensional analysis we find that the scaling (x,t) — (£, L) removes dependence on
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v, SO we can assume v = 1.

Transforming to the moving frame (z,t) — (x — st,t), our equation becomes

U — SUy + Uy Uy

(1.6)

In this setting a traveling wave solution @ is a steady-state solution, satisfying 4, = 0. Thus
our profile ode is

u?\’
/ o "
su+<2> = u'.

(1.7)
By integrating from —oo to x, we obtain

As x — oo we find that

so that the Rankine-Hugoniot condition is s = 4=

From (1.8) 4 may be solved analytically, obtaining

{a(z — st +6) tser = {s — atanh (a(f’; — st +9)

o pin)) g
2 d€R

as a manifold of solutions to (1.6). See Figures 1.2 and 1.3.
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Figure 1.2: Wave profiles for Burgers equation with end-states u_ = 8 and u; = 0. On the
left is the solution corresponding to ¥ = 1; on the right is the solution for v = 5.

ol
ol
= -4
ey
-al
0 2 4 6 8
u

Figure 1.3: Wave profiles for Burgers equation graphed in state space. The end-states u_ = 8
and uy = 0 correspond to rest points. The lower curve corresponds to the profile for v =1,
with the upper curve corresponding to v = 5.
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1.2 NUMERICAL SOLUTION OF THE TRAVELING WAVE PROFILE

Consider an asymptotically constant traveling wave solution u(z,t) = a(z — st) of (1.1).
A traveling wave @ must be a solution of the following two-point boundary value problem,

defined on an infinite domain:

—SUg = f(U7 Uz, Uy - - -)7

u™(00) =0, n>1.

A solution of (1.9) corresponds to a connecting orbit between equilibrium points in phase
space, with fronts and pulses corresponding to heteroclinic and homoclinic orbits, respec-
tively. Various mathematical tools, including Lyapunov functions, asymptotic ode methods,
and topological methods, may be used to determine existence of solutions. Here we give a
general description of their numerical solution. Wave profiles in this work have been nu-
merically calculated in Matlab with the aid of bvp6ec, a function employing sixth-order
collocation; see [12].

Numerically solving for the wave profile is often a very difficult problem. For example,
note the infinite domain (—o0,00). Since the domain of a traveling wave is the entire real
line, and computers cannot solve on an infinite domain, we must numerically solve on a
finite domain [—L, L] where L is large enough to capture the behavior of the traveling wave.
Likewise, if L is too large other numerical problems can occur. We note that even when
solving a particular system, as parameters vary the traveling wave may exhibit very different
properties, necessitating careful inspection of the numerical domain for various parameter
regimes.

Since our boundary value problem is autonomous, a connecting orbit between two equi-
librium points is invariant in x, and thus corresponds to a 1-dimensional manifold of solutions

{u(x+9)}ser. We refer to this as the translational invariance of the traveling wave. Numer-
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ically, care must be taken to appropriately specify a particular solution @(x).

We begin by writing (1.9) as a first-order system

v = f(u),ueR"

u(£o0) = ux. (1.10)

Let Xg, X, be the stable/unstable eigenspaces of df(u_), X&, X the stable/unstable
eigenspaces of df (u), and IIg, IT;, 1T, IT;; their corresponding eigenprojections. As z —
—o0 a traveling wave solution & must approach u_ along the unstable manifold of u_. Sim-
ilarly, as * — 400 @ must approach u, along the stable manifold of u,. In the numerical

solver, these (projective) conditions become

Mg (u(~L) —u_) =0, TH(u(+L) —uy) =0,

requiring the solution 4 to approach u_ orthogonal to the stable manifold of u_, and to
approach u orthogonal to the unstable manifold of u. .

Since an orbit in phase space corresponds to a manifold of solutions {u(z + 0)}scr, we
give the solver a phase condition [ - u(0) = « to determine a specific solution . To avoid
solving the boundary value problem with a condition in the middle of the domain [—L, L],
we double the dimension of the system to 2n and add n matching conditions. This allows
us to solve for both halves of the profile on the domain [—L,0].

Numerically solving for the wave profile is often very difficult. There may appear to
be too many boundary conditions to enforce. Sometimes this may be handled by adding
constant variables to the bvp. For example, when the speed of the wave is not known, adding
s’ = 0 to the system of odes may be necessary. We note that often the projective conditions
depend on the wave speed, and so must be updated continuously in the numerical solver.

A boundary value problem also requires an initial guess for the profile. For simple profiles
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a guess using the tanh function may be sufficient. In general, however, as parameters vary
the solution @(x) becomes more complex and difficult to solve, and a decent initial guess
becomes harder to obtain. In this case continuation becomes a very useful tool: to obtain
wave profiles across some range of parameters, cross the parameter regime stepwise, using a

solution at one step as an initial guess for the next.

Example 1.2. Recall equation (1.7), of which the wave profile for Burgers equation is a
solution:

—su' +uu =u".

We begin by writing (1.7) as a first order system y' = f(y) where y; = u,yo = v’ :

/

Y1 Y2

Y2 Y2(y1 — 5)

This system has projective conditions y;(—L) = u_, y1(L) = uy.
To solve for the full profile on [ L, 0], we let z(z) = y(—z). We then double the dimension

of our system to get

Y1 Y2

Y2 | Y2(y1 — s)

21 - —2 7
=N _zg(s—zl)_

with corresponding projective conditions

yi(—=L) =u_, z1(—L) = uy,

a phase condition

Uu_ +u
y(0) = ——+
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and matching condition

100 10
8 8
6 6r
> 4 S 4
2 ol
0 ol
95 ~10 5 0 35 0 5 )(2 5 10 15
X

Figure 1.4: The wave profile for Burgers equation solved numerically on [—15,0]. After
solving numerically, the lower solution z(z) is flipped onto [0, 15].

Example 1.3. Consider Slemrod’s model for 1-dimensional isentropic gas dynamics with

capillarity:

v — Uy = 0,

y (1.11)

ug +p(v)s = (7)1 — AUy
Here v is the specific volume, u is velocity in Lagrangian coordinates, p(v) is the pressure
law for an ideal gas (so p'(v) < 0 and p”(v) > 0), and d > 0 is capillarity strength.
We look for a traveling wave solution (u,v)(x,t) = (4,0)(x — st) with asymptotically
constant end states (u,0)(£o00) = (u4,v+). By translating to the moving frame (z,t) —

(x — st,t) our system becomes

(1.12)
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By rescaling (x,t,u) — (—sx, s*t, —u/s) we obtain

Vi + Uy — Uy = 0,
(1.13)
Uy
U + Uy + ap(v)x = (_) - dvxa)x:
V/x

where a = 1/s*. This simplifies to a single ode for v:

N/
v 4 ap(v) = (U—) — dv". (1.14)

v

Integrating from —oo to x gives

,UI

v—v_+a(p(v) —pv)) = i dv” (1.15)

as our profile ode. We then find a by letting x — oo, obtaining the Rankine-Hugoniot

condition
vy —U_
SRR B
Without loss of generality we can assume 0 < vy < v_. Also, after rescaling we may
assume that v_ = 1; see [4, 15, 16]. We will assume a gas law of the form p(v) =v=7,y > 1.

Let 43 = v,y2 = v'. Then written as a first order system 3’ = f(y) we have

!/

S v . (1.16)

Y2 o/ + (L =) +a(l —y, )]

Checking df (v_) and df (v;) we find one projective condition at x = +o0.

To solve for the full profile on [—L, 0] we let z(z) = y(—=), allowing us to solve the system

!/

vl _ | fW (1.17)

10

www.manharaa.com




with one projective condition, two matching conditions

n(0) = 2(0), (1.18)
and one phase condition
v_+v
y1(0) = T+

As capillarity strength d increases, the wave becomes highly oscillatory; see Figures 1.5

and 1.6. This system is a good example of when continuation could be helpful.

0.02}
1 I O_
-0.021
0.8y
> S -0.041
06l -0.06}
-0.081
0.4¢ -0.1}
: y * y -0.12 : - - -
-150 -100 -50 0 50 0.4 0.6 0.8 1
X u

Figure 1.5: The wave profile for Slemrod’s capillarity model, also shown in state space. Here
capillarity strength is d = 2.

1.3 STABILITY FOR TRAVELING WAVES

First we note that a traveling wave solution @ of (1.2) is a stationary solution of (1.4), that is,

F(u) = 0. Let X be a suitable Banach space, and A C X an admissible set of perturbations.

11
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1.5¢1

0.04r

0.02+
1l

S - 0
=

-0.02r
0.5}

-0.04r

-1000 -500 0 04 086 08 1 1.2 14
X u

Figure 1.6: The wave profile for Slemrod’s capillarity model, with capillarity strength d = 60.

The Cauchy problem we wish to consider for (1.4) is to find solutions u(x,t) of

u = Fl(u),

u(z,0) = u(x)+v(x,0), v(z,0) € A, (1.20)

for perturbations v € A .
A fundamental question concerning traveling wave solutions is the following: Will the
perturbation u(x) of a traveling wave solution 4(z) converge to (some translate of) @ as

t — oo, or will it evolve into something else? This question motivates the following definition:

Definition 1.4. We say that a stationary solution @ of (1.4) is asymptotically orbitally
stable with respect to the set of perturbations A if u(-,t) — a(x + J) for some 6 as t — oo
whenever u(z,0) — u(x) = v(z,0) € A. We may use interchangeably the terms asymptotic

orbital stability and nonlinear stability.

In general spectral stability of the wave profile is a weaker condition than nonlinear
stability, however for certain classes of equations spectral stability has been shown to imply

nonlinear stability; see [32, 14, 26, 25].

12
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To obtain the eigenvalue problem, we linearize

A = Lv:=—(A(4)v), + (B(0)vg): — (C(0)vg) — Q' (0)v (1.21)

where A(4)v = (f' (4 — B'(4)0y + C'(U)tze — S)v.
Definition 1.5. For the linear operator L (1.21), the
(i) spectrum o(L) of L is the set of all A € C where L — AI is not invertible.

(ii) point spectrum o,(L) of L is the set of all isolated eigenvalues of L with finite multi-

plicity.
(ili) essential spectrum o.(L) of L is the spectrum of L minus the point spectrum: o(L)\o,(L).

Definition 1.6. The operator L in 1.21 is spectrally stable if its spectrum does not extend
into the closed deleted right half plane ), = {A € C\{0} : Re(\) > 0}.

A formal argument that spectral stability may be used to determine nonlinear stability

goes as follows: We linearize (1.4) about 4, obtaining

u = F(u) = F(4) + dF(t)v + Q(v),

where Q(v) = O(|v|?). Any initial state v can be written as u = @ + v, where v is a

13
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perturbation of . Then we obtain

(4 +v), = F(4) + dF(4)v + Q(v),
v = dF (@) + Q(v),
= Lv + Q(v),
—Lv=0Q,

ey, —e Ly = e (),
t ) t
/ (e Hu(s)) ds = / e 5 Q(s)ds
0 0
t
e Hu(t) — vy = / e 5 Q(s)ds
0
t
v(t) = el + eLt/ e Q(s)ds
0
¢
= ety +/ eHt=9Q(s)ds.
0
Since v is small and Q ~ O(v fo Lt=9)Q)(s)ds is negligible and v ~ eltv,.
We note that 0 is always an eigenvalue of L, and is associated with the translational

invariance of the traveling wave. Thus the linearized operator L always has a nontrivial

spectrum.

Lemma 1.7 (Sattinger [27]). The derivative of G is an eigenfunction of L with eigenvalue

0.

Proof. By translational invariance of the traveling wave, F(u(x 4+ §)) = 0 for each § € R.
Then & (F(a(z + 8)) |s—0 = dF (@)@’ = 0, so @’ is an eigenvector of L = dF (@) with

eigenvalue 0. U

To prove spectral stability of L it is necessary to show that the essential spectrum and
the point spectrum of L do not intersect the closed deleted right-half plane ) . In the next

two sections we will deal with the essential and point spectrums separately, giving some of

14
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the most pertinent results.

1.3.1 Essential spectrum. The following result is very useful in dealing with the es-

sential spectrum of L:

Theorem 1.8 (Henry [13]). The essential spectrum of L in (1.21) is sharply bounded to the
left of

oe(Ly)Uo (L), (1.22)

where Ly correspond to the operators obtained by linearizing about the constant solutions

U = uy, respectively.

Proof. We note that linearization about uy yields
vy =Liv= _Aivw + Bivg, — Civmmm - Diva (123)

where Ay = A(uy),..., Dy = D(us) are constant matrices. Then o(Ly) = o.(L4) since
constant coefficient linear operators do not have a point spectrum. We use the Fourier
transform to make a formal argument concerning o.(L.).

Now
(L= M) "0 = (—i€As — &By +i€*Cy — Dy — AI) v (1.24)

where ¢ € R. We note that invertibility of L — \I is lost whenever —ié A, — 2By +i&3C, —

D4 — M is singular, so that
Neo(Ly) iff N€o(—i€Ar — By +i€Cy — D) (1.25)

for some £ € R. Thus we have 2n curves )\;-t corresponding to the eigenvalues of the right-

15
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hand side, giving
oe(Ly)Uod(L U/\+ YUl A (). (1.26)
J

Thus, we may use the structure of Ay, By, Cy, and D4 to obtain sharp bounds on the

essential spectrum of L. This gives us a way to see if o.(L) intersects the closed right half

plane ). O

1.3.2 Point spectrum. The problem of obtaining bounds on the point spectrum of L
is generally much harder than dealing with the essential spectrum. Energy estimates have
proven to be a useful tool in many instances, although their application is often not obvious
or intuitive.

One of the difficulties associated with obtaining uniform bounds stems from the presence
of 0 in the point spectrum of L. For the reactionless equation (1.21) (Q(u) = 0), the eigen-

value problem may instead be viewed in integrated coordinates. Specifically, by integrating

both sides of
o= Lv=—(A(@)v) + (B(@)ve)s — (C(@)Vs2)s (1.27)
from —oo to x, and substituting w = ffoo v, we obtain the integrated operator
A = Lw:=—-A(t)w + B(a)w" — C(a)w™. (1.28)

The following result is very useful.
Lemma 1.9. The point spectrum of L is the same as L, excluding A = 0.

Proof. Suppose Av = Lv with A # 0. Integrating both sides from —oo to x and substituting

16
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w= [" v yields \w = Lw. Since
Aw(4o0) = — / (Av) + / (Bv) — / (") =0,

we note that w™ decays to 0 for n = 0,1,.... Thus w is an admissible eigenvector and
o(L)\{0} C o(L).
Now suppose A\w = Lw, X # 0. Differentiating yields

)\wl — _(Aw/)l + (Bw/l)l _ (Cwlll)/,

making w’ an eigenvalue of L. Thus o,(£)\{0} = 0,(L)\{0}. O

Example 1.10. Consider again Burgers equation
U + UUyp = Uy, -
A traveling wave solution u of Burgers equation is a steady state solution of
Up — SUgy + Uy = Ugy. (1.29)
We let u = @ + v. Substituting into (1.29), we obtain
Up + U — Sly — SV, + Uly + VU, + UV + VU = Ugy + Vg
Since vv, is considered to be small and 4y — s, + U, = Uy, We get

Vp — SUp + Up¥ + UVy = Vg

17
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We can write this as v, = Lv where L is the differential operator given by

Lv = sv, — U0 — UV + Vg,
(1.30)
= SV — (W0)z + Vg
Integrating both sides of 1.30 from —oo to x and substituting w = ffoo v yields
Aw = (s —a)w + w" (1.31)

as our eigenvalue problem in integrated coordinates.

Example 1.11. We will use an energy estimate to show stability for Burgers equation.

Multiplying both sides of 1.31 by w and integrating over the real line, we obtain

A/Hm%:/@—ammtﬁ/mwk
R R R

Integration by parts gives

[ =wops ~ [
R R
:—/ w2, (1.32)
R

so that

A/R\w\2=/R(s—a)ww’—/R|w'|2. (1.33)

Integrating (s — @)ww’ by parts gives

/(3 —w)ww' = (s — W)ww|>, — /(s — ww'w + / wwt, (1.34)
R R R

18
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so that

Real(A)/ w2 = 1/2/ |w|2a'—/|w'|2 <0 (1.35)
R R R

since @' < 0. Thus Real(\) < 0.

Example 1.12. Here we find a bound on the essential spectrum of the eigenvalue problem

for Burgers,

A

vy =—((U— $)v)z + Vg

Taking the Fourier transform of the eigenvalue problem linearized about u4., we see that the

essential spectrum must be to the left of the curves given by

A= —iur —s)E - & (1.36)

- ii%ﬁ — € ¢feR (1.37)

These curves define a parabola in the left half of the complex plane that touches the origin

at £ = 0.

A similar proof can be used to show spectral stability for the general scalar conservation

law

up + () = (0(w)uz)o;

see [18] for further examples of energy estimates.

1.4 THE EVANS FUNCTION

Consider again the eigenvalue problem
A = Lv = dF(a)v. (1.38)
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After bounding the essential spectrum of L, we use the Evans function to analyze eigenvalues
to the right of the essential spectrum.

We define the Evans function as the Wronskian of decaying solutions of (1.38). The
Evans function is analytic to the right of the essential spectrum, with roots corresponding
exactly with the eigenvalues of L in both location and multiplicity; see [1] .

We write the eigenvalue problem (1.38) as a first-order system

AW = A(z, )W, W eCr, /= %. (1.39)

We note that eigenvalues of (1.38) are values of A\ with an associated nontrivial solution W
of (1.39), satisfying W (4o00) = 0. We also note that A(x, \) is asymptotically constant in x
since @ is. Thus we can consider the constant coefficient matrices AL (A) = lim, 4100 A(z, A).
An eigenvector W of (1.38) must approach the origin along the unstable manifold U~ (\)
of A_()), and the stable manifold ST()\) of A, (\). We will assume consistent splitting of
A(x, N); i.e., the dimensions of U~ (\) and ST()\) are k and n — k, respectively, for some k.
Suppose 71 (A), ..., ry (A) and 77 (A), ..., 7;f(A) are analytically varying bases for U~ ())
and ST(\), respectively. Let W.”(\) be the solution of 1.39 where W, (\) — 0 along r; (\)

as ¥ — —oo. We define W;"(\) similarly. We then define the Evans function by
D(A) == det(Wy (A) ... W (A), W (A) ... WEON)| L, - (1.40)

We note that D(X) = 0 iff Wi (A),..., W, (A), W5 (A)...,W,5()\) are linearly depen-
dent. In this case we have an eigenvector W living on both U~(\) and S*()). We remark
that analyticity of D(\) depends on finding analytically varying bases for U~ (\) and ST()).

The Evans function is rarely solved analytically, and then only for simple systems; for

example, the Evans function for Burgers equation is found analytically in [3]. In practice

D()) is computed numerically by integrating U~ (\) and S*(A) from 400 to 0.
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CHAPTER 2. EVANS FUNCTION COMPUTATION

Numerical computation of the Evans function has essentially two basic parts. First, bases for
U~ (\) and ST(\) must be computed. These bases must vary analytically in A. The second
component is the integration of U~ (\) and S*(A) from +oo to 0. If both parts are done
accurately, D(\) will be analytic, allowing us to employ standard winding number arguments
and rootfinding techniques to locate and track eigenvalues.

In this chapter we consider several common difficulties associated with the numerical
implementation of the Evans function. We will discuss the compound matrix method and
the polar coordinate method [17] as solutions to the problem of integration; see [31, 17, 3]
for further details. A standard result due to Kato [21] will be given, from which we will find

analytically varying eigenprojections.

2.1 COMPOUND MATRIX METHOD

Consider again the first-order, linear boundary value problem

d
W = Az, \\WW, WeC", '=—
(.TJ, ) ) € ) dx7

W(too) = 0, (2.1)

whose nontrivial solutions (A, W (\)) correspond to eigenpairs of L. In this section we will
lift (2.1) into the exterior product space A*(C™).

First we recall that A*(C") is the space of finite sums of k-forms of elements of C", with
the k-forms being multilinear and alternating. We note that it is quite easy to obtain a basis
for AF(C™): if {e1,...,e,} is a basis for C*, then {e;, A...Aej, 1 < j1 < ja <...<jp <n}

is a basis for A*(C"). Thus A¥(C") is a () dimensional space; see [7] for details on this
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space.

Given vectors xy, ...,z in C", if zq,..., x; are linearly independent then x; A ... A xy
becomes a k-form representing the span of xy, ...,z as a point in A¥(C"). In particular, the
k-dimensional unstable eigenspace of A_()\) becomes a single vector in AF(C"). The lifted

problem is given by
W = ABW, W=uw A... Awy, € RE), (2.2)
where

AR oW = (Aw) Awy A ... ANwy, +

wy Awy AL A (Awy). (2.3)

Let {r; }5_, and {r;}7_,,, be the right eigenvectors of A_(\) and A ()) respectively,
spanning U~ and S*. Let o ;?:1 and {,u;r %_j11 be their corresponding eigenvalues. Then
the unstable manifold U~ (z) of A_(\) may be represented as a wedge product
U (z) =W (x) A... AW (), with W)™ satisfying

W = Az, )W),

Wi(z) ~ ei'ry, x<<0. (2.4)

Similarly the stable manifold S*(x) of A;(\) may be represented as a wedge product

ST(x) =Wl (@) A AW (z) in A"7F(C™), with W satisfying

Wi = Az, W\W},

WHz) =~ e“jxr;f, x>>0. (2.5)
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We note the isomorphism

U () ANST(x) = Wi(e)A AW (@) AW () AL AW (), (2.6)

n

~ det (Wi (z)... W, (2), Wi (2).. . W (z)], (2.7)
The Evans function is then defined as

D(\) = U™ (2) A S*(x))|

z=0"

and is analytic in A if {rji()\)} vary analytically.

There are several numerical difficulties associated with the Evans function that must
be addressed. First we note that the manifolds U™, ST must be found by integrating from
xr = too to x = 0. It is numerically difficult to resolve growth on different modes. Numerical
(and round-off) error tends to accumulate on the largest growth mode. For example, when
n = 4,k = 2 suppose there are growth modes pu; > py > 0 at © = —oo. Integrating W, ()
from —oo to 0, error accumulates so that Wy (x) becomes aWi (z) + bW, (z). To obtain
accurate results the step size of the integration must decrease, causing computation to slow.

By lifting the eigenvalue problem into the exterior product space A¥(C"), the manifold
U~ becomes a k-product Wi~ A... AW, , an eigenvector of the lifted problem corresponding
to its largest mode. In this way the compound matrix method provides accurate multi-mode

resolution.

Lemma 2.1. Suppose (p1,71),- .., (1, %) are eigenpairs of A. Then ri A ... A1y is an

eigenvector of A% with eigenvalue juiy + ... 4 .
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Proof.

AW o (ry A ATE) = (Ar) Ara AL AT+
riA(Arg) A AT+
riATe AL A (Arg),

= (mr) A AT+
A A (),

= (1 +...+pup)ri Arg A AT,

O

Corollary 2.2. Suppose i1, ..., pu are the largest eigenvalues of A. Then py + ...+ py s

the largest eigenvalue of A®).

2.2 POLAR COORDINATE METHOD

Note that an exterior product A € A*(C") has coordinates in an (}) dimensional space, while
the matrix of factors of A is in an n X k dimensional space. The polar coordinate method
reduces the dimension of the space we are solving in by representing the exterior product
by a “radius” and “angle”, (v,€), where v € C and Q € C"** is an orthonormal matrix
spanning the factors of A.

Let [A1]...|\x] be the matrix of factors of A, and let Q = [wy]...|wg]. Then for each
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j=1,...,k we have \; = Qa; = Zle azjwy, so that [A]...|A\;] = Qa. Then

A = <Z Oé1t1wt1> A A <Z altkwtk> ) (2.8)

t1=1 tr=1

k k
= Z...Z(altl---altk)wtl/\.../\wtk, (29)

t1=1  tp=1

= Z (Ozltl ce altk)wtl VARAN Wy, , (210)
(t15e.oti)EP
where P is the set of all permutations of (1,..., k). These last equalities follow since exterior

products are multilinear and alternating.

Additionally, since exterior products are alternating we have

A = Z sgn(ty, ... te) (g -+ oag) wi A .o A wy, (2.11)
(tl ..... ty)EP
= det(a)wy A ... A wy. (2.12)

Let W~ be the unstable manifold of A~(\) and W the stable manifold of A*(\). Then

we can find a®, QF such that

W™ =Q a, det(a™) =77,

Wt =Q%", det(a™) =~".
Then the Evans function is

D(A) = det(W,...,W , W5,,. ..W+)|m:0,

n

=~y det(Q, Q1) |m:0 )

25

www.manharaa.com




2.2.1 Continuous orthogonalization. Suppose W (z) = Q(z)a(x) where W (x), Q(z) €

C™* and € is orthonormal. Applying W’ = A(x, \)W, we obtain

Q(z)a(z) + Qz)d (z) = A(z, N)Q(z)a(z).

By letting B(z) = o’a™!(z), we get the following system of equations for a, €

V(z) = A(z, \)Q(z) — Q(x)B(x),
(2.13)

We note that the dimension of this new system is greater than the original; thus we
expect additional conditions on the ode to arise from the orthogonality condition Q2*Q = I} «x.

Specifically, we have

0=1'=(QQ) = (V)Q+Q,
= (VA" — B*Q)Q+ QO (AQ — QB),
= QA"+ A)Q - BOUQ - Q' OB,

= QA"+ A)Q - B - B. (2.14)

Thus Q*(A* + A)Q — B* — B = 0 is a necessary condition for orthogonality. To see that
this is sufficient when (2.13) is initialized with Q3Q = I, note that (2*Q2)’ = 0 implies that
Q*Q is constant. Thus Q*(2)Q(x) = Q5Q0 = L.

We note that various choices of B have been used, notably in Drury’s method (B =
0*AQ) and Davey’s method (B = (Q*Q)71Q*AQ). Drury’s method can also be derived by
setting Q*Q) = 0, so that the change in €2 is orthogonal to the space spanned by €.

Substituting B = Q*AQ in (2.13), in polar coordinates our system becomes
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Q' = (I — Q0" AQ,
(2.15)
7 = trace(QQ*AQ)y.

2.3 'THE METHOD OF KATO

Suppose P(A) is an analytic projection. We would like to be able to find an analytically
varying basis R(\) for the range of P()). By standard linear ode theory, the initial value

problem

R = P'R,
(2.16)
R(\o) = Ry,

has a unique solution that exists throughout the simply connected domain D. The solution

R(\) of the (2.16) can then be found numerically.
Proposition 2.3. The unique solution R of (2.16) satisfies
(1) PR=R,
(i1) PR =0,

(iii) R = (P'P — PP')R.

Proof.
(1)

(PR—R) = PR+ PR — R
= PR+ PP'R— P'R,
— PP'R— PP'PR,

= —PP'(PR-R).
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Since (PR — R)(\o) = PoRy — Ry = 0, by uniqueness of solutions PR — R = 0.
(2) PR = PP'R = PP'PR = 0.
(3) R = PPR=P'PR = (P' — PP')R = (P'P — PP')R. O
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CHAPTER 3. ROOTFINDING

3.1 METHOD OF MOMENTS
3.1.1 Motivation. Suppose f : G — C is analytic on a region G C C with roots

215+, 2p. Then g(z) = (z — 21) -...- (2 — 2z,) and f(z) have the same roots in G. Note that

g(z) = "= (4. +z)" A (D) (22,

= 2" K 2"+ (1)K,

where K is the jth order elementary symmetric polynomial in zi,...,%,. By finding

Ki,...K,, we can rootfind using ¢(z), rather than a more difficult function f(z).

3.1.2 Derivation of moments. Let f: G — C by analytic in a region G C C. Let '
be a simple closed positively oriented contour in G with f nonzero on I'. Let zy,..., 2, be

the n distinct roots of fin I', ¢ € C with ¢ # 2; Vj, and p = 0,1,2,.... Then

M,(f;c) = %mj{%’:)fl(z)dz = ;mj(zj —c)P (3.1)

where m; is the multiplicity of z;.

Proof. We require only a brief generalization of the proof of the argument principle. Since

f is analytic, for a zero z; of f in I' we have
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where h is analytic at z; and h(z;) # 0. Then in a neighborhood of z;

(z =) f'(2) (2 = PN (2) (2 = 2)™ + m;h(z)(z — z))™ ]

S R WG )™ |
e mi oy
h(z) z — z;

Since h is analytic and nonzero at z;, we have Res(g; z;) = m;(z; — ¢)’. Then Cauchy’s

residue theorem gives the result. O
We note that My(0) = 2§ + ... + 22 = n is the number of roots of f in T'; similarly

= M;(0)/My(0) is the center of mass of the roots, while My(1)/My(0) is their variance.

3.1.3 Using the moments of f. For an analytic function f, My(0) = n may be used to

determine the number of roots of f inside I'. Then using Newton’s formula, we can obtain

constants Ki,..., K, using the moments
Ml(O) = Z1+...+Zn, (32)
My(0) = 27 +... + 22, (3.3)
M,(0) = =2'+...4+ 2. (3.4)

For example, when My(0) = 2 (f has two roots in I') then M;(0) = K; and M,(0) =
22+ 22 = M;(0)? —2K5. Then g(2) = (2 — 21)(z — 29) = 22 — K12z + K>, allowing us to easily
solve for the roots of f.

We note that for n > 4 the roots z,...,2, must be found numerically, since there
is no closed form solution for the roots of g(z). In practice polynomial rootfinding is ill-

conditioned, so we typically use this method where n is small.
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3.2 COMPUTING THE MOMENTS OF f

3.2.1 Simpsons method. Using a degree two Lagrange interpolant through the points

Zj, Zj+1, Zj+2, the integral of a function g(z) may be approximated by

Zj+2
/ 9(2) dz ~ alz — 241)(2 = 2j42) + b(z = 2) (2 — 242) + oz — 2)(2 — 2131) d2,

J

where a, b, and ¢ are given by

0 — 9(z)

(ZJ ZJ-H)(ZJ - z]+2)’
po— 9(zj+1)

(zj41 = 2j) (2511 — Zj+2)7
- 9(zj+2)

(zjv2 — 25)(2zj42 — 2j11)

This may be further simplified to

Zjt2 23, —23

/ g(2)dz = %(a%—b—l—c)
Zj

52— %

B (a(zj1 + 2j42) +0(25 + 2j42) + (25 + 2541))

+(Zj+2 — ) (azj112j42 + bZ52j40 + €2j2541).

To compute M,(c) on a contour C, we let g(z) = (2 — ¢)?f'(2)/f(2) where f'(z) is

approximated with some difference method (usually centered difference).

3.2.2 Application of the fast fourier transform. Let y(t) = 2y +re?™ ¢ € [0,1]. So

7 is a simple closed positively oriented contour. Then v~!(¢) = (1 — t) = 2y + re?™ (1=t =

2o +re ?™ ¢ €[0,1] and £y~ (t) = —27rie ™. Then the pth moment of f about 0 with
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respect to v is given by

Y YA C pd (2)
M,(0) = z—méz mdz = _2_71"1:%;—1 z mdz,
1

’ o n—1
_ “omitypd ©7 o —2mit
= o ), (20 +1e =™)P For (t)(—2mri)e”“™"dt,

P\ ko —omitvpk | J oyl o omit
(k) 2z (re ) ) —f o (t)e dt,

> (i) (zo/r)ke_Z’”(P—k)t> é_zzjf (t)e ?mdt,

e [ (Z () <zO/r)ke—2ﬂ<p—k+1>t> £ ar
(

k=
1 g —1
p k flony —2mi(p—k+1)t
—(t dt | .
Do ([ 22w

Let x be a vector with

. "oyt =1\
z(j) = (éoz_l) (‘72N ),g=1,...,2N.

Then the left endpoint approximation of

1 _
flony! (t)e—QTri(p—k-l-l)tdt
o fov!

is

2N
9—N Z x(j)e—ZTri(p—k-l-l)(j—l)?_N _ 2—NX[p — k4 2],
j=1
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where X is the discrete fourier transform of x. Thus the left endpoint approximation of

M,(0) is

rPig=N kz: (i) (20/r)" X[p -k +2].

Also note that since v is a close contour, the left endpoint, right endpoint, and trapezoidal

approximations are the same.

3.2.3 Computing My(0). Suppose f is an analytic function, and nonzero on a contour

C. If f(C) does not intersect the branch cut of log(z), then [, J;((j))dz = log (f(z1)) —
log (f(20)) where z is the initial point of C' and z; the terminal point.

If f(C) does pass through the branch cut of log(z), then [, %dz can be approximated
by integrating over subcontours C; where f(C;) does not intersect the branch cut of log(z).
As the images f(C;) approach the branch cut, the sum of their integrals tends toward
Jo J;/((ZZ)) dz.

Since log(z) = log | 2|+ arg(z), computing £E g, s essentially a matter of determining
C f(z)

how often, and with what orientation, f(C') crosses the branch cut. For example, suppose
f(z) = (z—1+1)(z—1—1) and a contour C is given by 2¢*™ t € [0,1]. Then f(C) crosses
the branch cut twice in the counterclockwise direction, so that |, o '/ f = 2mi+ 2mi, so that

My(0) = 2; see Figure 3.1.

3.3 A BISECTION METHOD

The algorithm for computing the winding number Wy(0) = [, f'/f is more accurate and
efficient than using integration. Once an eigenvalue’s general location is known, a form of
the bisection method can be used to get additional accuracy. Essentially W;(0) is computed

for rectangular regions, which are further subdivided to obtain the required accuracy.
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Figure 3.1: Example of a winding number calculation.
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CHAPTER 4. APPLICATION: HIGH LEWIS NUMBER

4.1 THE COMBUSTION MODEL

We consider a model describing the combustion of a premixed fuel in one dimension. We
assume that no heat is lost. In nondimensional coordinates the model is given by the equa-
tions.

Yt = €Ygx — ﬁyQ(u)7

Here u = u(x,t) is the scaled temperature and y = y(x,t) is the concentration of the fuel.
This model describes a reaction which we assume begins at the ambient temperature,

u = 0, with the reaction rate given by

e Vv for u >0
Qu) =

0 otherwise.

The parameter € is the inverse Lewis number, representing the ratio of fuel diffusitivity
to heat diffusitivity. The limiting case ¢ = 0 characterizes combustion of solids, while an
appropriate value of € > 0 characterizes gaseous combustion. The other parameter 5 > 0
represents the exothermicity of the system, the ratio of the activation energy to the heat of
the reaction. In this chapter we will conduct a numerical study of the stability properties of

traveling wave solutions of (4.1) as [ varies.
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We seek traveling wave solutions

u(z,t) = u(x — st),

(4.2)
y(z,t) = y(x — st),

with wave speed s > 0 and asymptotically constant end states (4, §)(+00) = (u+, y+) where
(u—,y-) = (1/3,0) and (us,y4+) = (0,1). We note that at (u,y) = (0,1) the fuel is at
ambient temperature and has been untouched, while the state (u,y) = (1/63,0) describes the
system with maximal heat and the fuel completely burned.

It has been shown that there is a unique wave speed s > 0 such that (4.1) has a nontrivial
solution connecting the end-states exponentially. For ¢ = 0 existence and uniqueness has
been shown in [6, 29], and for € € (0,1) in [2, 5, 20] . For 0 < € < 1 existence and uniqueness
has also been shown using geometric singular perturbation theory; see [19, 23, 8, 2, 10]. It
is also known that the traveling wave u, ¢ satisfies 4,9, 4 > 0 > 4’ for all x; see [24, 28, 22].
The wave profile has been numerically solved in [30]. See [9] for further background on this

system.

4.2 NUMERICAL SOLUTION OF THE WAVE PROFILE

To find traveling waves (4, §) we make the coordinate change (x,t) — (x — st,t) = (7,t) and

look for steady state solutions of (dropping the bar notation)

Up — SUyp = Uz + Y2(u),

Yt — SYr = €Yz — ﬂyQ(U)
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Thus w4, y are solutions of the ordinary differential equations

u" + su' + yQ(u) =0,

(4.4)
ey’ + sy’ — ByQ(u) = 0.
We can write this as the first-order system
—_ — — -
Y1 Yo
v2 | _ —sy2 — y32(11) | (45)
Ys Ya
| Ya | i c(=sya + BysQ(y1)) ]
where [y1, Yo, ¥3, ¥4 = [u, v/, y, ¥']*, and the new boundary conditions are
_ -
Y1 3
Y2 0
(_OO) = )
Y3 0
Ya 0
- - (4.6)
(1 0
Y2 0
(+o0) =
Ys 1

Analyzing the Jacobian of the system at y_ reveals a one-dimensional unstable manifold, a
one-dimensional stable manifold, and a two-dimensional centered manifold. We are looking
for solutions with exponential decay; thus we obtain a total of three projective conditions
at ©* = —oo. Similarly, at y, there is a two-dimensional unstable manifold and a two-
dimensional centered manifold, giving two projective conditions at = co. We also require

a phase condition at x = 0. Since the number of conditions must equal the dimension of the
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ode, we look for further simplify the system.

4.2.1 Reducing the dimension of the system. Consider again the ode (4.4). Multi-

plying the first equation by  and adding the second equation, we get
pu” + Bsu’ + ey’ + sy = 0.

Integrating from —oo to x, we get the conserved quantity

Bu' + Bs(u—u_) + ey’ +s(y—y-) =0,
Bu' + Bs(u—1/8) + ey +s(y — 0) =0,

Bu' + Bsu+ ey + sy = s.

Note that our conserved quantity can be expressed as

1
Ys = g [5—5591 — Bys — 6?J4]-

Let 21 = y1, 20 = Yo, 23 = y4. Then we get

Z1 29

2 | = | sz —Lls— Pz — Bz — ez3) Q21)

Ys Y—sz+ 2[5 — Bsz — Bzn — ez3) Q1))
38
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with

_ . - _ s -
22 (_OO) = 0 )
z3 0

nl- m - (4.11)
Z1 0

2 | (00) = | 0

z3 0

We write this as 2/ = F(z).
4.2.2 Finding the projective conditions. For x = 400, we can simplify dF to

0 1 0
dF(z) = BQ(z1)  —s+PBQz)/s eQ(21)/s , (4.12)
—3Q(z1) /e —3*Uz1)/(es) —s/e— BUz1)/s

and we get

0 1 0
Be?  —s+pBeP/s ce P /s : (4.13)
—B%ePle —3%F)(es) —s/e— BeP/s

dF_

0 1 0
dF. =10 —s 0 ) (4.14)
0 0 —s/e

For this new system 2’ = F'(2), at z_ there is a one-dimensional unstable manifold and a
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two-dimensional stable manifold, giving two projective conditions at x = —oo. At 2z, there
is a one-dimensional centered manifold and a two-dimensional stable manifold, giving two
projective conditions at x = +00. We then add a phase condition to determine a unique
solution for the system. We then double the dimension of the system to solve on the domain
[0,00), and add three matching conditions. Since the wave speed s > 0 is unknown, we add
a constant variable to our system to solve for s. This gives us a seven-dimensional system
with seven boundary conditions.

This gives us two projective conditions at —oo and one projective condition at +o0,
giving a total of three projective conditions. Note that there are three matching conditions,

and one phase condition, for a total of seven boundary conditions.

u,y

I~

1 J
o 500
X

Figure 4.1: Traveling wave solutions @ and y. Note that 4/(z) < 0 and ¢'(z) > 0 for all .

4.3 HKEVANS FUNCTION COMPUTATION

In this section we use the Evans function study the unstable eigenvalues of L. The Evans
function D(\) is analytic to the right of the essential spectrum and is defined as the Wron-

skian of decaying solutions of the eigenvalue equation for the linearized operator. While the
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Evans function is generally too complex to compute explicitly, it can readily be computed
numerically, even for large systems.

Since the Evans function is analytic in the right-half plane, we can numerically compute the
winding number there. This method allows us to systematically detect the roots of D(A) =0
within (and hence the eigenvalues of our system). As a result, we can produce bifurcation
diagrams observing the onset of instability. This was done first by Evans and Feroe and has
since been applied to other systems.

It has been shown analytically [11] that for 7 ~ O(1) and 8 > 1, a Hopf bifurcation
occurs with two complex eigenvalues traveling into the right-half plane. For 7 = .1 the Evans
function was used to analyze the spectrum of L. Numerically, as § was increased the wave
front was seen to move from stability to instability at g = 7.026.

We begin by writing the eigenvalue problem as a first-order system W' = A(z, \)W,

where
0 1 0 0 Yl
A+ gu2e Vit —g —e /0 0 q d
A(Z‘, )\) = ) W = ' ) "= d_’
0 0 0 1 Ps o
gﬁﬁ_%_l/ﬁ 0 %()\ + Be~ /) —£ ¢

and () = e Y%/42. We note that eigenvalues correspond to nontrivial solutions W (z)
satisfying the boundary conditions W (£o0) = 0. We also note that A(z, \) is asymptotically

constant in x, since @ is. Thus at each end-state, W (z) must satisfy the constant-coefficient

system

W' = AL (\)W.
Solutions satisfying the boundary condition W(+o00) = 0 must arise from the unstable
manifold W, A W, at * = —oo and the stable manifold W;" A W, at # = oco. Thus,

eigenvalues of L correspond to values of A where these manifolds intersect, the manifolds
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intersecting exactly when D(X) := det(W; Wy W5 W) .- is zero.

The unstable/stable modes of W;” AW, and W;" AW, can cause numerical instabilities
in the shooting scheme. It has been shown that by rescaling W and shooting in centered
coordinates, good numerical results can be obtained. To rescale W, we let W (z) = e *V (z)
where ;1= is the growth mode associated with W, A W, . We then integrate using the ode
V() = (A(z,\) — p~ I)V(z). We rescale W similarly at z = +o0.

To ensure analytically varying Evans function output, the initial data V(—L) and V(L)
must be chosen analytically. Instead of using eigenvectors as a basis for the unstable/stable

manifolds, the method of Kato allows us to find analytically varying spectral projectors.

4.4 ROOTFINDING FOR D()\)

Rootfinding for the Evans function was done using the method of moments. Generally, for a
function f analytic inside and on a simple closed positively oriented curve I'; if f is nonzero
onI"and z1,..., 2, are the roots of f(z) inside I, then the p** moment of f about z* is given
by

R (C e O e

- 2mi f(z) p

Specifically, My(0) gives the number of roots inside I' while M;(0) gives the sum of roots.

For 7 = .1, § = 7.026, two eigenvalues cross the imaginary axis into the right half-plane at
+6.87 x 1071 Since D()) is analytic in the right half-plane, the eigenvalues were tracked
using the method of moments. By taking successive small circular contours about the indi-
vidual eigenvalues and regulating the relative error in the output, approximating M;(0) with
simpsons rule gives a reasonable estimation of the eigenvalues. At 3 = 10.232 the eigenvalues
combine to form an eigenvalue of multiplicity two on the real axis, then split along the reals.

They then travel toward the origin along the real line.
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Figure 4.2: The path of the eigenvalues A1 in the complex plane, crossing the imaginary axis
at 3 = 7.026 and joining on the real axis when 3 = 10.232.

R

7 8 9 10 11 12 13 14 15
B

Figure 4.3: Real part of the eigenvalues for g € [7.026, 14.1].
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Im(h)

Figure 4.4: Imaginary part of the eigenvalues for 5 € [7.026, 14.1].
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